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Abstract. A star-like isotopy for oriented links in 3-space is an isotopy which 
uses only Reidemeister moves which correspond to the following singularities of 
planar curves : 



We define a link polynomial derived from the Jones polynomial which is, in 
general, only invariant under star-like isotopies and we categorify it. 



1. Introduction 

It is now well known that many polynomial invariants for links and graphs admit 
a categorification. We can mention, for instance, the Jones polynomial ( [KhoOOj ) . 
the Alexander polynomial r[n^4j.[OS07]l. the HOMFLYPT polynomial QKROSj l. 
the dichromatic polynomial ( [HGROSj ) or the refinement of the Jones polynomial for 
braid-like isotopies ( |AF05j ) . Mostly, these invariants are defined for link diagrams 
and then invariance under Reidemeister moves is proven. However, in |KR05j and 
|OS07j . the invariance under Reidemeister lib moves, i.e. Reidemeister II moves 
corresponding to the following singularity 



with opposite tangent vectors, cannot be achieved. Nevertheless, they can be 
avoided by using only braid presentations of links. On the other hand, the cat- 
egorification defined in |KR05j can be seen as a generalization of the homology 
given by M. Khovanov in [KhoOOj which is well defined for all diagrams. 

In |AF05j ■ we have defined a bigraded refinement Kh^r of Khovanov invariant 
Kh which shed light on internal mechanism of invariance for the latter. As a 
matter of fact, braid-like Khovanov homology is only invariant under Reidemeister 
moves which correspond locally to braid isotopies. In particular, it excludes lib 
and Markov moves. In the construction, the bigrading can be collapsed to a single 
one. Via a spectral sequence, the braid-like homology converges then to the usual 
Khovanov one. 



In this paper, we give a second refinement of Jones polynomials and its cate- 
gorification Khst for another restricted notion of isotopies of link diagrams, called 
star-like isotopies. Markov moves are still not allowed, but pairs of Reidemeister 
I moves on a strand are. Star-like II moves are the same as braid-like ones but 
star-like III moves are precisely Reidemeister III moves which are not braid-like. 
Unfortunately, to date, there is no known geometrical interpretation for star-like 
isotopies but it gives rise to an homology which is bigraded and which collapses 
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Figure 1: Reidemeister III moves graph : Each vertex is a Reidemeister move of type III, 
edges are labeled by Reidemeister moves of type II. An arrow between two vertices means that they 
can be replaced one by the other using the labeling Reidemeister II move. The mirror operation 
corresponds to reversing horizontally the graph. 



also to Khovanov homology via a spectral sequence (see Fig. [2] for an example). 

Besides the enlightening of mechanisms of invariance in Khovanov homology, 
star-like isotopies are also attractive to study relations between Reidemeister moves. 
It is proven in chapter 1.2 of [FieOlj that, if an application defined on oriented link 
diagrams is invariant under the Reidemeister moves corresponding to ^X^ and un- 
der one of the six braid-like Reidemeister moves of type III, then it is also invariant 
under all the other braid-like Reidemeister III moves. As shown in Figure [U it is 
not anymore the case for star-like isotopies. It points out a dissymmetry in Kho- 
vanov construction since a direct proof of invariance can be achieved only for one of 
the two star-like Reidemeister III moves. This move depends whether we consider 
Khovanov homology or cohomology. Invariance under the other type of move can 
nonetheless be obtained using a duality argument. 



Definition 1.1. Two oriented links are called star-like isotopic if their diagrams 
are related by a sequence of Reidemeister moves of type II and III which correspond 
to the following singularities of planar curves : 




Moreover we allow arbitrary pairs of Reidemeister I moves on the same arc of a 
diagram. 

The moves allowed in star-like isotopies are called star-like Reidemeister moves. 
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The name "star-like" comes from the form of the corresponding singularity in 
star-like Reidemeister III moves. 



Using so-called surfaces with pulleys, a picture can be given for the construction 
of star-like Khovanov homology. It also gives a picture for the braid-like case, as 
well as the case of links in /-bundle ( |APS04] ). 




■(-2) 



Figure 2: A computation for restricted Khovanov homologies: for each bigraded copy of 

Z, the fc-grading is given between parenthesis. 
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e.g. S)SL 



e.g. 



^6 



Figure 3: Pairs of Reidemeister I moves allowed in star-like isotopies 



2. Main results 

As in the braid-like case, our starting point is the Kauffman bracket for oriented 
links in 3-space. We use Kauffman's notations and terminology (see |Kau87j ). 
Each Kauffman state s of an oriented diagram D has a piecewise smooth structure 
which is induced by the orientation of D. The crosssings of D give rise to special 
points of s. If in such a point, the piecewise orientation changes, we say that it is 
a hreak 'point (compare with |AF05j ). The number of break points on any circle of 
s is always even. The remaining special points are called Seifert points. In Seifert 
points, the orientations of the two pieces fit together (see Fig. [2]). 



Seifert points 
break points 




Figure 4: Break and Seifert points 



Definition 2.1. A circle in a Kauffman state is of type d if {^fj^{hreak points) + 
fj^{Seifert points)) is odd and of type h otherwise. 

Let C denote the set of all configurations, possibly empty, of unoriented circles 
embedded in the plane up to isotopy. 
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Definition 2.2. For any Kauffman state s, we define 

'^i^) — i^{A-smoothings) — ^{A~^ -smoothings), 
d{s) = ^{d-circles), 
h{s) = #{h~'Circles), 

and c(s) € C which is the configuration of only the h-circles. 

Let r denote the Z[^, ^~-^]-module over C. 
Definition 2.3. For any diagram D, the bracket {D)st € F is defined by 
{D)st= Yl A^'^'^-A^ -A-y-'^c{s). 

s Kauffman 
state of D 

The polynomial Vst{D) is then defined by 

Vst{D) = {-A)-^^(^HD)st, 

where w{D) denotes the writhe of D. 

From this definition, it follows immediatly : 

Proposition 2.4. Let D be a diagram and v a crossing of D. Let Dq (resp. Di) be 
the diagram obtained from D by smoothing v in the A-fashion (resp. A~^ -fashion) 
and where break and Seifert points are added in the natural way. Then, we have 

{D)st = A{Do)st + A~\Di)st. 

Moreover, we have 

{D Q))st = {-A''-A-^){D)st. 

Theorem 2.5. The polynomial Vst is invariant under star-like isotopies. 

Remark 2.6. If we denote Seifert points by circles, one easily sees that the poly- 
nomial Vst satisfies the following skein relations : 

A^Vst (X) - ^"'^^i (X) = - ^"')^«t (X) • 

But Vst 7^ Vst (X) consequently, Vst does not satisfy Jones skein relation. 

Remark 2.7. Replacing c{s) by X^^'^^ defines a map 

X-.C ^Z[A,A-\X]. 

The invariant Vst contains certainly more information than x{{ ■ )st), but it turns 
out that the latter can be categorified contrary to the former. 

Theorem 2.8. For any diagram D, there are graded chain complexes defined on 
the same graded module {Cij^k{D))ij^kez but with two different differentials d and 
d' of, respectively, tridegree (—1,0,0) and (1,0,0) such that their homology groups, 
respectively denoted l-L^tf^{D) and 7i'^^,^{D), are invariant under star-like isotopy. 
Moreover, the polynomial x(^st) is given as the bigraded Euler characteristics of 
these homologies i.e. 

x{Vst{D)) = Y.{-in-A^yx''dimQ{n^,,,k{D)®zQ) 

i,j,k 

= Y.^-iy{-AyX>'dimQ{nl^^,{D) ®^ Q) 
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Proposition 2.9. For any diagram D and any i,j,k G Z, the groups Tiij^kiD), 
'H'_- _■ _j.{D) and T-L~'^~^~^{D) are isomorphic, where D denotes the miror image 
of D and fi*** the cohomology groups associated to d. 

As noticed at the end of section 9 in |APS04j , it follows thus from the Universal 
Coefficient theorem : 

Corollary 2.10. For any diagram D and any i,j,k € Z, the groups Tiij^kiD) 

are isomorphic where %*^{D) 

denote the torsion part 0/7^**^,(1)). 

Remark 2.11. Of course, the last two propositions still hold when swapping the 
role of d and d' . 

Question 2.12. Is it possible to categorify the original polynomial Vgt ? 

3. Proof of theorem 12.51 

From now on, we denote break points by dots and Seifert points by small circles 
on the diagram. Brackets are not always written. 

Lemma 3.1. The polynomial Vat is invariant under Reidemeister moves of type II 
with equal tangent direction. 

Proof. When calculating the Kauffman bracket, we obtain 

>X = + X + )^( + 

The circle is of type d and the usual identification d = —A^—A~'^ implies invariance. 

□ 

Remark 3.2. Like in the braid-like case, we can not achieve invariance under the 
other type of Reidemeister II moves. Actually, the calculation gives 

yx = ^"}<X + yx^ + )^( + 

and the diagrams are completely different with respect to the types d or h of the 
circles. 

Lemma 3.3. The polynomial Vgt is invariant under star-like Reidemeister moves 
of type III. 




move II Ih 



Figure 5: The two star-like Reidemeister moves of type III 



KHOVANOV HOMOLOGY AND STAR-LIKE ISOTOPIES 7 

Proof. We will prove the invariance of Vgt by the two star-like Reidemeister moves 
of type III, shown in Figure [5j 

The left hand side and the right hand side of the first one give respectively the 
following eight contributions to the bracket : 




The closed connected components arising in (1) and (2') are of type d. This 
implies that (1) = (1'), (2) = (2') and (3) = (3') when summing their elements to 
evaluate the star-like Kauffman bracket. Moreover, the configurations of /i-circles 
in are the same. 



The left hand side and the right hand side of the second move give respectively 
the following contributions : 




We conclude like in the first case. □ 



Lemma 3.4. The polynomial Vst is invariant under star-like Reidemeister I moves. 
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Figure 6: First star-like Reidemeister move of type I 



Figure 7: Second star-like Reidemeister move of type I 



Proof. We will only consider two cases. All other cases are analoguous and are left 
to the reader. 

The left hand side of Figure [6] gives the following contributions : 



""6 o o o 

= {A^d+l + d^ + A-^d)--^ 



Similarly, the left hand side of Figure [7] gives the contribution 

-A^ ( A-^^ + A-^ = -A^ + A-^d)- 



whereas its right hand side gives : 

-^-3^^-^-^+^-!---^^ = -A-^ (^{Ad + A-^) 



□ 

Theorem 12.51 follows directly from Lemmata 13.11 13.31 and 13.41 

4. Proof of theorem 12.81 
Let D be a diagram with n crossings. 

4.1. Definition of homologies. 

Definition 4.1. A enhanced state S of D is a Kauffman state s of D enhanced by 
an assignment of a plus or a minus sign to each of the circles of s. 
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Setting X = —H^ — and according to [Vir02j . we rewrite our lightened 
bracket as 

S enhanced 
state of D 

where (resp. t^) is the difference between the number of plus and minus assigned 
to the d-circles (resp. /i-circles). 

Definition 4.2. For any enhanced state S of D, we define 

tiS) = zis)^ 
j{S) = ^i^h^!^ + rdS) 
kiS) = This). 

Then, for /c G Z, we can define Ci,j^k{D) to he the 'L-module spanned by 
{S enhanced state of D j i{S) = i,j{S) = j,k{S) = k}. 

Definition 4.3. Let S and S' be two enhanced states of D and v a crossing of D. 
We define an incidence number [S : S']^ by 

- [S : S% = I if the following four conditions are satisfied : 

i) V is A-smoothed in S but -smoothed in S' ; 

ii) all the other crossings are smoothed the same way in S and S' ; 

iii) common circles of S and S' are labeled the same way; 

iv) jiS)=j{S') andk{S)=k{S'); 

- otherwise, [S : S']^ = 0. 

Now, we assign an ordering of the crossings of D. 
Definition 4.4. We define a differential of tridegree ( — 1,0,0) on C.^^.^{D) by 

d{s) = '^-(^) 

V crossing in D 

where the partial differential d^ is defined by 

4(S) = (-l)*-s ^ [S,S\,S\ 

S' state of D 

with t~ g the number of -smoothed crossings in S labeled with numbers greater 
than the label of v. 

Definition 4.5. In the same way, we define a differential of tridegree (1,0,0) on 
C^^^{D) by 

d'{s) = Yl 

V crossing in D 

where the partial differential d'^ is defined by 

d'^{S) = {-l)<s Y [s',s].s', 

S' state of D 

with t^g the number of A-smoothed crossings in S labeled with numbers greater 
than the label of v. 



10 



BENJAMIN AUDOUX 




Figure 8: Definition of the partial differential 



The differential d{S) (resp. d'{S)) is the alternating sum of enhanced states 
obtained by switching one A-smoothed (resp. A~^-smoothed) crossing of S into a 
yl~^-smoothing (resp. ^-smoothing) and by locally relabeling in such a way that 
j and k are preserved. Moreover the merge of two (i~circles or two /i~circles always 
gives a d-circle and the merge of a d-circle with an /i~circle always an /i-circle. 
Thus, one can explicit, for instance, the action of as done in Figure 8. 

Lemma 4.6. Every two distinct partial differentials dy and d^' (resp. d'^ and d'^,) 
anti- commute. Thus d^ = (resp. c?'^ = Oj and d (resp. d' ) is a differential. 

Proof. One only has to check cases from lA-lD to bA-f)D of the proof of Lemma 
4.4 in |APSn4j . □ 

Lemma 4.7. The homologies ^{{D) and TC'{D) do not depend on the ordering of 
the crossings. 

Proof. This follows from the proof of theorem 6.1 in |APS04j . □ 



depending on the type of the resulting circles 
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Proposition 4.8. The Euler characteristics of 7i{D) and T-i'{D) give the same 
polynomial Vst{D). 

Proof. This is clear from equation [1] and the definition of the chain complexes. □ 

4.2. Proof of Proposition 12.91 For any chain complex (C^,^,^,(5) where 6 is of 
tridegree (a, 0,0) with a € Z, we can define its dual complex [C***,5*) by 

Vi, j,A; G Z^C'^i'^ = Hom{Cij,k,^); 

V(/. G C***,5*(0) = ^o6. 
The map 6* is then of tridegree (—a, 0,0). 
Lemma 4.9. The map 

^ C^J>(D) C'+^'j'^{D) • • • , 

defined on any enhanced state S by ip{S) = (—1)'^^^^S* where S* is the dual element 
of S and u is defined by 

Vi crossing 
A-smoothed in S 

is a chain complex isomorphism. 

Proof. Since is obviously an isomorphism of modules, we only need to check that 
the diagram is commutatif for any element of the basis. Let S and Sq be enhanced 
states. In one hand, we have 

i;{d'{S)){So) = Yl (-l)*^-+"^^'^[5',5],5'*(5o) 

V crossing in D 
S' enhanced state 

V crossing in D 

and in the other 

d*(^(5))(5o) = Yl {-lf'o^^^''^''\So,S%S*{S') 

V crossing inD 
S' enhanced state 

Y (-l)*«"o."+"(^)[5o,5].. 

V crossing in D 

Moreover, if [Sq, S]^ ^ 0, then 5 and Sq differ only on v. We have thus u{So) — 
u{S) = n—i for some i. On the other hand, we clearly have t'^^+t^^ ^ = i^^+f^^ = 
n — i. As a matter of fact, {t'g^ + u{So)) + (t^^ ^, + u{S)) = 2(n — i + u{S)) and 
^~Sv ~^ ^('S'o) and ^ + u{S) have the same parity. □ 
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Lemma 4.10. The map 



— — ^ Cij^kiD) ^ Ci-ij^k{D) — — 



ct>: 



d' 



defined on any enhanced state S by inversing the labels of all circles, is a chain 
complex isomorphism. 

Proof. First, note that the underlying state of S can be seen as a state of D with 
opposed smoothing at every crossing. Moreover, since w{D) = —w{D) and since 
the map cj) inverses all the labels, this map is well defined as a graded module 
isomorphism. Thus, we only need to check that the diagram is commutatif for any 
enhanced state S of the usual basis. Indeed, we have 

ms))= E {-ifMs,s'u{s'), 



V crossing in D 
S' enhanced state of D 



as well as 



{-ifh,,.i^(s'),<p{s)Uis') 



V crossing in D 
S' enhanced state of D 



E 



V crossing in D 
<t>{S') enhanced state of D 

since is a bijection between enhanced states of D and D. But, by definition, 
^s,v = ^t{S),v construction [0(5"), 4>{S)]v = [S, S%. □ 

Now, the proposition is obtained by passing to homology the precedent lemnata. 

4.3. Invariance under star— like Reidemeister moves of type II. Here, we 
will follow the proofs given in |AF05j . details are done there. Modules are depicted 
by sets of generators and sets of generators by diagrams partially smoothed. A 
given set is obtained by considering all the choices for smoothing the unsmoothed 
crossings and labeling the unlabeled circles. This description is also used for formu- 
las, the choice is then consistent all over the equality. Partial differentials associated 
to a crossing c, restricted to a given subcomplex C, are denoted with a sequence 
of indices which correspond, increasingly, to the crossings which are smoothed in 
the same way for all generators of C. A star is assigned to c, otherwise, the index 
corresponds to the nature of the common smoothing. 

We introduce the operators .{n} (resp. .[n]) which is the global uplifting of the 
grading (resp. homological) degree by n. The key ingredients for upcoming proofs 
are the two following propositions : 

Definition 4.11. Let f : C — > C be a morphism of chain complexes. Then the cone 
of f is the chain complex C" defined by C" = C©C'[— 1] and dc = {dc + f)(B{—dc'). 

Proposition 4.12. Let D be a diagram of K and v a crossing of D. Let Dq and 

Di be the diagrams obtained from D by smoothing v respectively in the A-fashion 
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and in the A one. Then defines a grading preserving map of chain complexes 
from C{Dq) to C{Di){—l\. Moreover, C{D) is the cone of this map. 

Proposition 4.13. The cone of an isomorphism between two chain complexes is 
acyclic. 



Now consider two diagrams which differ only locally by a star-like Reidemeister 
move of type II. 

D D' 




We order the crossings of D and D' in the same fashion, letting v and v' be the last 
two ones of D' . Then we consider the following four diagrams which are partial 
smoothings of D' : 



D' 



00 




D' 



01 



and two maps : 



-to* • 



Lemma AAA. The morphisms do* and are respectively injective and surjective. 
Lemma 4.15. The cone of 

■ ■ ■ ^ Im{dlo + 4J ^ 



n' 



n' 



is an acyclic graded subcomplex of C{D') denoted Ci. 
Lemma 4.16. The cone of 



D' 
01 



is an acyclic graded subcomplex of C{D') denoted €2- 
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Definition 4.17. We define the map 




Remark 4.18. The map . ® V- is grading-preserving and is a right inverse for 
Lemma 4.19. The complex 




is a graded suhcomplex of C{D') denoted O^, isomorphic to C{D) via tpu defined by 

Lemma 4.20. C{D') ~ Ci C2 C3. 

Finally, we conclude by passing to homolgy in Lemma 14.201 



4.4. Invariance under star like Reidemeister moves of type III. Since the 
mirror image of a move of type Hlg is a move of type Illh and as the Corollarv l2.1UI 
holds, it is sufficient to prove the invariance under Reidemeister moves of type Illh- 

Consider two diagrams which differ only locally by the following star-like Reide- 
meister move of type Illh- 

D D' 



— - — ^ — *■ /\V 

We order the crossings of D and D' in the same fashion, letting the three crossings 
involved in the Reidemeister move be the last three ones. We can now consider the 
following ten partial smoothings of D ox D' : 

-Cooo Dmi D'ooo D'ooi 



-Doio -Con D'oio D'ou 
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One can easily check that Di,, — -D^,, as chains complexes. 
With respect to D, we also consider two maps : 



00* 



0*1 



Lemma 4.21. The maps doo* and do^i are, respectively injective and surjective. 

Then, the rest follows as in the case of the Reidemeister move of type II. 
Lemma 4.22. The cone of 

d-D^ ... 

■ • • ^"i«oo + do*o + dho*) ^ 



'^loo+'^o*o+'^oo, 



is an acyclic graded suhcomplex of C{D) denoted Ci. 
Lemma 4.23. The cone of 



{-1} 



-'^001 



is an acyclic graded suhcomplex of C{D') denoted €2- 
Definition 4.24. We define the map 



. 0V- : 



Remark 4.25. The map . ® V- is grading-preserving and is a right inverse for 
do*i- 



Lemma 4.26. The complex 
d 




{doi*{ 




is a graded suhcomplex ofC{D) denoted C3. 
Lemma 4.27. C{D) ~ Ci © C2 e C3. 

With the same reasoning on D', we get : 
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Lemma 4.28. C{D') ~ © C2 ® ^^^^ "'^^ ^2 acyclic and 

Finally, we conclude thanks to the following lemma : 
Lemma 4.29. The chain complexes C3 and C3 are isomorphic via tpm defined on 




4.5. Invariance under star like Reidemeister moves of type I. Consider the 
three following diagrams which differ only locally by a Reidemeister move of type 
I and the adding of a circle. 

D' D D" 

We order the crossings of D, D' and D" in the same fashion, letting v and v' be 
the last ones of, respectively, D' and D" . Then we consider the following diagrams 
which are partial smoothings of D' and D" : 




and two maps : 




Lemma 4.30. The morphisms d'^ and d'l are respectively injective and surjective. 
Lemma 4.31. The cone of 
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is an acyclic graded subcomplex of C{D') denoted C[. 
Lemma 4.32. The cone of 



d'l 



is an acyclic graded subcomplex of C{D") denoted €'{. 
Lemma 4.33. The complexes 



and 



are graded suhcomplexes of respectively C{D') and C{D") denoted €'2 and C2 • Both 
of them are isomorphic to C{D). 

Lemma 4.34. C{D') ~ © and C{D") ~ C'{ © C'^. 

Lemma 4.35. The adding of two adjacent Seifert points on a diagram do not 
change its chain complex. 

After having passed to homology the precedent lemma, one can easily achieve 
the invariance under star-like Reidemeister moves of type I. 



5. A PICTURE FOR THE INVARIANT 

In a somehow similar way than Bar-Natan ( |BN05j ) , we can give a picture for the 
above construction. Details are done in a forthcoming paper ( |Aud07j ) but Figure 
10 gives the main ingredients. 

Roughly speaking, it corresponds to a cube of resolution of which vertices are ob- 
tained by associating a dot to every /i-circle and a circle for each d-one. Edges are 
then decorated in a standard way by surfaces with pulleys. 



Surfaces with pulley are abstract surfaces composed by 1 and 2-dimensional 
pieces that can be connected together on a finite number of points of their interior. 
These points are called pulleys and we distinguish two kind of them (pictured with 
or without a dot). In Figure 9(a), we give a set of generators. Any two surfaces 
can be composed horizontally by disjoint union. Moreover, if the top boundary 
of a surface corresponds to the bottom one of another surface, then they can be 
composed vertically by gluing them along this common boundary. 

Besides Bar-Natan S and 4T relations, and besides the usual and obvious ones. 

For the sake 



some extra relations are also required. They are given in Figure 9(b) 
of clarity, ropes and surfaces are depicted as embedded in [0, 1] x R-^ 



but the reader 
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2-dimensional generators 




1-dimensional generators 




mixed generators 
(a) Generators 



B : 




Adding/deleting bubles and ropes 



P : 




Pulling ropes 



L : 




Involving two pulleys 
(b) Relations 



Figure 9: Definition of surfaces with pulleys 




Figure 10: Construction of the invariant: for the sake of clarity, surfaces morphisms are 

depicted from the left to the right. 
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should keep in mind that every object can cross each other. 

The construction given in this paper can be recovered by applying a suitable 
fonctor. By changing the definition of /i-circles, which are send to dots, the above 
picture can straighforwardly be adapted to the braid-like case and to the /-bundle 
case. 
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